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In this work a new non-minimally coupled model is presented, where a generic function f(R)
of the scalar curvature factors the usual Einstein-Hilbert action functional, motivated by relevant
results obtained from similar models. Its cosmological dynamics are derived and the possibility of
attaining a phase of accelerated expansion is assessed. To further probe the possible implications of
the model, a dynamical system formulation is established, and used to assess the scenarios where
f(R) assumes a power-law or exponential form.
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I. INTRODUCTION
Albert Einstein’s General Relativity (GR) has served
as the framework for the development of the so called
standard model of cosmology. It is the simplest theory
that relates matter and the curvature of spacetime, and
by far the one with most experimental support [1, 2], from
the prediction of the precession of Mercury’s perihelion
to the recent detection of gravitational wave production
by black hole binaries [3].
Despite this backing, when coupled only with baryonic
matter, GR still fails to account for more recent obser-
vations of the Universe. Comparisons of the rotational
speed and mass of galaxies as predicted by GR and as
measured via electromagnetic radiation do not appear
to match, as if there were some missing mass from our
calculations. Moreover, in the past two decades obser-
vations of supernovae have signalled that the Universe is
expanding at an accelerating rate [4]. To address these
flaws, the ΛCDM model was formulated, consisting of
a universe evolving under GR and with the addition of
dark energy, represented by a cosmological constant Λ
with negative Equation of State (EOS) and that is re-
sponsible for this accelerated expansion, and Cold Dark
Matter (CDM), a non-baryonic type of matter that ei-
ther does not interact electromagnetically or has a van-
ishingly small interaction, which is responsible for this
missing mass. This model is also supplemented by an in-
flationary scenario based on a scalar field to explain the
early exponential expansion of the Universe.
An alternative to this solution is to assume that GR
is incomplete, prompting other models to appear and at-
tempt to explain this large scale behaviour. Among the
most prominent are the so-called f(R) theories [5–11],
where the Einstein-Hilbert action is replaced by a non-
linear function of the scalar curvature, and models that
present non-minimal couplings (NMC) between matter
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and curvature [12–16]. Some of these models have been
shown to be able to mimic dark matter [17–20] or dark
energy [21–23], and explain post-inflationary preheating
[24] and cosmological structure formation [25–27].
Previous attempts at solving these cosmological prob-
lems using a NMC model have resorted to a coupling be-
tween curvature and a scalar field [28–36], but did not ex-
tend this coupling to the baryonic matter content. More
recently, a dynamical system analysis approach was used
to analyse a model that incorporated both f(R) theories
and a NMC with the baryonic matter content [37].
Taking this research background into account, in this
work we do a dynamical system approach on a particular
group of NMC theories, represented by the Lagrangian
density f(R)(κR + L), which presents an both an ap-
pealing form and interesting behaviour. This method,
on which we will elaborate further in the following sec-
tions, allows us to check for the existence of solutions to
the cosmological equations, and to analyse their stability.
Other similar studies, albeit in a different context, can be
found in Refs. [38–42].
This work is organized as follow: the model under
scrutiny is discussed in Sec. II; the derivation of the
corresponding dynamical system is found in Sec. III; the
results and respective discussion of an exponential and
a power law models can be found in Secs. IV and V,
respectively. Finally, conclusions are drawn in Sec. VI.
II. THE MODEL
We consider a NMC theory that follows from f(R)
theories with a coupling between a generic function of
the scalar curvature R and the standard Einstein-Hilbert
Lagrangian, embodied in the action
S =
∫
d4x
√−gf(R)(κR+ L), (1)
where L is the matter Lagrangian density, g is the deter-
minant of the metric and κ = c4/(16piG). GR is recov-
ered by setting f(R) = 1.
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2This type of coupling could be looked upon as a more
elegant extension of the standard minimal coupling be-
tween matter and curvature [16]: instead of modify-
ing the coupling term
√−gL in particular, one gener-
ally chooses to modify
√−g and maintain the Einstein-
Hilbert term κR + L. In this sense, the modification
above can be viewed as a geometrically inspired exten-
sion of GR, where the measure
√−g is generalized to also
depend on the scalar curvature.
In Ref. [43], the authors adopt a model embodying
both a non-linear function of the scalar curvature and a
NMC between curvature and matter, given by the action
S =
∫
d4x
√−g[f1(R) + f2(R)L], (2)
with
f1(R) = κ
(
R+
R2
6m2
)
+O(R3), (3)
f2(R) = 1 +
R
6M2
+O(R2),
where m and M are characteristic mass scales. As is
shown in the cited paper, using an adequate metric that
describes the spacetime around a spherical star like the
Sun, one is able to identify a Newtonian potential with
an additional Yukawa term,
U(r) = −GMS
r
[
1 + αA(m,RS)e
−r/λ
]
, (4)
where MS and RS are respectively the mass and radius
of the star, A(m,RS) is a form factor, λ = 1/m and
α ∝ 1− (m/M)2.
Solar system tests in this framework suggest that
|α|  1 for λ ranging from submillimiter scales up to
100 AU [44]: thus, in pure f(R) models (obtained by
setting M → ∞), this additional Yukawa contribution
has the same strength as gravity, α = 1, and accordingly
λ must lie outside the cited range — although, if one as-
sumes a non-vanishing density outside the central body, a
chameleon effect may arise where the dynamical impact
of a non-linear f(R) can be hidden from local tests of
gravity due to the reduction of its Compton wavelength
in regions of deep gravitational potential wells [45, 46].
Conversely, the presence of a NMC may avoid clashing
with experimental constraints if both mass scales are very
close, M ∼ m; if one simply assumes that both functions
fi(R) share the same mass scale, M = m, then one has
f1(R) = κf2(R)R and the action may be written as
S =
∫
d4x
√−g
(
1 +
R
6M2
)
(κR+ L). (5)
Thus, one concludes that the above factorisation of the
Einstein-Hilbert action leads to vanishing first-order ef-
fects (see Ref. [47] for a second-order treatment of the
remaining dynamics).
Furthermore, in a cosmological context [37], a factori-
sation of the form of action (1) with f(R) ∼ 1+(R/M2)n
is shown to allow for a matter-dominated universe that
behaves as if GR was valid, effectively concealing the
effect of the additional contribution arising from a non-
trivial f(R) function (although other cosmological fixed
points arise which showcase the additional dynamics).
The above cases illustrate the interesting consequences
of assuming the action (1), which will be explored in the
following sections.
A. Cosmological Dynamics
A null variation of the action (1) with respect to the
metric gives us the field equations
FGµν =
1
2
fTµν + ∆µνF +
1
2gµνκf −
1
2
gµνRF, (6)
where F = κf(R) + f ′(R)(κR + L) and primes denote
differentiation with respect to the scalar curvature.
where Gµν ≡ Rµν − gµνR/2 is the Einstein tensor and
Tµν is the matter energy-momentum tensor, defined as
Tµν = − 2√−g
δ (
√−gL)
δgµν
. (7)
The Bianchi identities imply the noncovariant conser-
vation law [16]
∇µTµν = f
′
f
(gµνL − Tµν)∇µR. (8)
Considering the Cosmological Principle, i.e. that the
Universe is homogeneous and isotropic, and assuming
spatial flatness, it can be well described via a Friedmann-
Lemaître-Robertson-Walker (FLRW) metric, represented
by the line element
ds2 = −dt2 + a2(t)dV 2, (9)
where a(t) is the scale factor and dV is the volume el-
ement in comoving coordinates. From a cosmological
standpoint, the matter content of the Universe can be
described as a perfect fluid, with energy-momentum ten-
sor
Tµν = (ρ+ p)uµuν + pgµν , (10)
derived from the Lagrangian density L = −ρ (see
Refs. [48–50] for a discussion), where ρ and p are, re-
spectively, the energy density and pressure of the perfect
fluid, and uµ is its four-velocity, with the normalization
condition uµuµ = −1. The pressure and energy den-
sity are considered to obey a barotropic equation of state
(EOS) p = wρ, where w is the EOS parameter; since
this work is focused on alternative explanations for dark
energy, we exclude w 6= −1.
Note that, even though Eq. (8) implies that energy is
not generally conserved, the used metric (9) and energy-
momentum tensor (10) make the right side of the conser-
vation equation vanish, and one obtains the usual conti-
nuity equation
ρ˙+ 3H(1 + w)ρ = 0, (11)
3where H ≡ a˙/a is the Hubble parameter.
Introducing the metric (9) and energy-momentum ten-
sor (10) into the field Eqs. (6) one obtains the modified
Friedmann and Raychaudhuri equations, respectively
H2 =
1
3F
[
1
2
R(F−κf)−3HF ′R˙+ 1
2
fρ−9H2(1+w)f ′ρ
]
,
(12)
2H˙ + 3H2 =
1
2F
[
R(F − κf)− 2F¨ − 4HF˙ − fwρ
]
,
(13)
with F ′ ≡ 2κf ′ + f ′′(κR− ρ).
B. De Sitter Solution
An interesting exercise is to determine under which
conditions these equations result in a de Sitter universe,
i.e. an exponential scale factor a(t) = eH0t. Eq. (A.1)
leads to a constant Ricci scalar R0 = 12H20 6= 0, and,
and shown below, the modified Friedmann (12) and Ray-
chaudhuri (13) equations then posit two scenarios, de-
pending on the value of the energy density ρ.
1. Solutions with an empty universe
We define f0 ≡ f(R0) and f ′0 ≡ f ′(R0); assuming that
the universe is devoid of any kind of matter, ρ = 0, one
has F = κ(f0 + f ′0R0), so that Eqs. (12) and (13) both
read
f0 = f
′
0R0, (14)
thus yielding a condition for the allowed form of f(R).
If the latter has e.g. an exponential form, this yields
f0 = exp
(
R0
M2
)
→ R0 = M2 → H0 = M
2
√
3
, (15)
a result verified in Section IV.
If a power-law behaviour is assumed instead, f(R) ∼
Rn, the above condition requires that n = 1, i.e. a linear
form — as shall be shown in Section V.
2. Solutions with a non-empty Universe
On the other hand, if ρ 6= 0, one has
F˙ = −f ′0ρ˙ = 3f ′0H(1 + w)ρ→ (16)
F¨ = −9f ′0H20 (1 + w)2ρ,
having used the conservation Eq. (11), so that Eqs. (12)
and (13) read
κ(f0 − f ′0R0)R0 = [2f0 − (4 + 3w)f ′0R0]ρ (17)
= −w[2f0 − (4 + 3w)f ′0R0]ρ.
As a sanity check notice that, in the case of GR, f(R) = 1
naturally implies a fluid behaving as a Cosmological Con-
stant, w = −1 and ρ = ρΛ ≡ κR0/2. For non-trivial
forms of f(R), and since the scalar curvature is constant
while the energy density of the assumed baryonic mat-
ter decreases, the above implies that both sides of the
relation should vanish: this can only be attained if
f0 = f
′
0 = 0, (18)
leading to the conclusion that a regime of De Sitter ex-
pansion with a non-negligible matter contribution re-
quires a much more stringent condition than if the energy
density vanishes.
In particular, neither the exponential nor the power-
law forms for f(R) assumed in the preceding paragraphs
can fulfil this criteria, and no de Sitter solutions with
matter are attainable (as shown in Section IV and V).
III. DYNAMICAL SYSTEM
One can study solutions to the field equations by
analysing the dynamical system that results from the
modified Friedmann and Raychaudhuri equations, writ-
ten in the terms of the dimensionless variables
x = −F
′R˙
FH
, y =
R
6H2
, z = − κfR
6FH2
,
Ω1 =
fρ
6FH2
, Ω2 = −3(1 + w)f
′ρ
F
, (19)
such that the modified Friedmann equation can be read
1 = x+ y + z + Ω1 + Ω2, (20)
acting as a restriction on the phase space. The quanti-
ties F˙ / (FH) and F¨ /
(
FH2
)
are useful in the subsequent
derivations, so one should write them as functions of the
variables (19):
F˙
FH
= −(x+ Ω2), (21)
F¨
FH2
= (x+ Ω2)(x+ Ω2 + 2− y)− dx
dN
− dΩ2
dN
,
where N is the number of e-folds.
Rewriting the modified Raychaudhuri Eq. (13) as a
function of the dimensionless variables defined above, the
following relation may be obtained
dx
dN
+
dΩ2
dN
= (x+Ω2)(x+Ω2−y)−y−3z+3wΩ1−1. (22)
We can write this relation more explicitly by differenti-
ating Ω2 and using the continuity equation to obtain
dΩ2
dN
= Ω2
[
x
(
1− γ
α
)
− 3(1 + w) + Ω2
]
, (23)
4and we obtain the first equation of our dynamical system,
equivalent to the Raychaudhuri equation,
dx
dN
=x
[
x− y + Ω2
(
1 +
γ
α
)]
− 1− y − 3z + 3wΩ1
+ Ω2 [3(1 + w)− y] , (24)
where we have made use of the dimensionless parameters
α(R, ρ) =
F ′R
F
, β(R) =
f ′R
f
+1, γ(R) =
f ′′R
f ′
. (25)
Following from the conservation law (11), one can de-
rive the variables (19) with respect to the number of e-
folds and obtain the autonomous system
dx
dN = x
[
x− y + Ω2
(
1 + γα
)]− 1− y − 3z
+3wΩ1 + Ω2 [3(1 + w)− y]
dy
dN = y
[
2(2− y)− xα
]
dz
dN = z
[
x
(
1− βα
)
+ Ω2 + 2(2− y)
]
dΩ1
dN =
Ω2xy
3α(1+w) + Ω1 (1− 3w + x+ Ω2 − 2y)
dΩ2
dN = Ω2
[
x
(
1− γα
)− 3(1 + w) + Ω2]
. (26)
Since the Raychaudhuri equation can be calculated by
differentiating the Friedmann equation, and it is also
equivalent to the relation for dx/dN , the relation
dx
dN
+
dy
dN
+
dz
dN
+
dΩ1
dN
+
dΩ2
dN
= 0 (27)
must hold. Fortunately, instead of vanishing trivially,
Eq. (27) yields
y
[
Ω2
3(1 + w)
− 1
]
= zβ. (28)
Relation (28) and the Friedmann equation (20) act on
the system (26) as algebraic constraints, and allow us to
reduce its dimensionality. Eliminating Ω1 and Ω2, we are
left with
dx
dN = x
[
x− y + 3(1 + w)
(
1 + zyβ
) (
1 + γα
)− 3w]+
2(2 + 3w)(2− y)− 3(1 + w)z
[
1 +
(
1− 3y
)
β
]
dy
dN = y
[
2(2− y)− xα
]
dz
dN = z
[
x
(
1− βα
)
+ 3(1 + w)
(
1 + zyβ
)
+ 2(2− y)
] .
(29)
Solving this system generally also requires writing the
scalar curvature R and the energy density ρ as functions
of the variables, which can be done recurring to the defi-
nition of the variables themselves. Specifically, one finds
the scalar curvature by inverting
f ′(R)R
f(R)
= − Ω2y
3(1 + w)Ω1
= −y + zβ(R)
Ω1
, (30)
and the energy density from
ρ(y, z,Ω1) = −κR(y, z,Ω1)Ω1
z
. (31)
A. De Sitter Solution
Following subsection II B and the relations given in
the Appendix, one may now impose on Eqs. (29) the
condition y = 2 and x ∼ R˙ = 0, corresponding to a de
Sitter phase of exponential evolution of the scale factor,
so that the scalar curvature and Hubble parameter are
constant and related by R = R0 = 12H20 .
The relation for dy/dN is then trivially satisfied, while
the relations for dx/dN and dz/dN read{
0 = z(β − 2)
0 = z(2 + zβ)
→ z = {−1, 0}. (32)
Thus, two possibilites arise:
• Case z = −1:
Eq. (32) implies that we must have β = 2: from its
definition (25), this reads
β =
f ′0R0
f0
+ 1 = 2→ f ′0R0 = f0, (33)
the condition derived in paragraph IIB 1 for a de
Sitter expansion in a waterless scenario.
Notice that the algebraic relation (28) yields Ω2 = 0
and the Friedmann constraint (20) further implies
that Ω1 = 0, reflecting a vanishing energy density.
• Case z = 0:
From definition (19), we see that z = 0 requires
f0 = 0. Also, the algebraic relation (28) leads to
Ω2 = 3(1+w); using the Friedmann constraint (20)
finally yields Ω1 = −(4 + 3w).
Since f0 = 0, the definitions (19) thus imply that
f0 = f
′
0 = 0 — as obtained in paragraph IIB 2
for a de Sitter expansion in a universe with a non-
vanishing matter contribution.
The above serves not only to corroborate the previous
findings of Subsection II B but, more crucially, to attest
that the choice of variables embodied in Eq. (19) does
not miss out the relevant dynamics (see, however, the
discussion in the Conclusions).
IV. EXPONENTIAL f(R)
We now proceed to study a model with
f(R) = exp
(
R
M2
)
, (34)
where M is a characteristic mass scale; this theory col-
lapses to GR for large M or small R. The exponential
form of the theory makes it very straightforward to cal-
culate the dimensionless parameters (25),
α =
2R
κR− ρ +
R
RM2
, β = 1 +
R
M2
, γ =
R
M2
. (35)
5Due to the complexity of the fixed point solutions, we
constrained the results to only include dust, i.e. pres-
sureless matter with w = 0. The fixed points associated
with this function can be found in Table I. It should be
noted that the values of the scalar curvature and energy
density naturally depend on the mass scale M2.
Point A
The first point corresponds to a stable de Sitter uni-
verse with vanishing energy density at t → ∞, whose
expansion rate can be calculated from the definition
z = − κfR
6FH2
= −1→ H0 = M
2
√
3
. (36)
It should be noted that this point is always attained,
and stable, for w ≥ 0, so that an exponential form of the
coupling is capable of generating such solutions, regard-
less of the type of barotropic matter considered.
Points B and C
Both points are stable and present negative decelera-
tion parameters, and as such are both good candidates
for dark energy (particularly point B, since q = −0.605 is
quite close to the present value). They differ from point
A in that they do not require a vanishing energy density.
V. POWER LAW f(R)
We now consider a power law model
f(R) =
(
R
M2
)n
, (37)
where M is mass scale, and that approaches GR if M is
large or n is very small. In this case the parameters (25)
take the form
α = n
[
1 +
ρ
(n+ 1)κR− nρ
]
, β = n+ 1 , γ = n− 1.
(38)
The fixed points and solutions associated with this func-
tion can be found in Table II.
Point A
Point A is a point whose deceleration parameter de-
pends on the type of matter present in the universe in
the same way as in GR. It also requires that the scalar
curvature and energy density be related by
ρ = κR
n [6n(w + 1) + 3w + 5]− 2
n [6n(w + 1)− 3w − 1] + 3w − 1 . (39)
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0.5
n
w
FIG. 1. Stability regions of point A. The dark grey area
corresponds to an unstable region, while the light grey corre-
sponds to a stable one. The remaining space corresponds to a
saddle point. Note that the thin line to the right of the light
grey area is a dark grey region with measurable width.
Its stability regions can be seen in Fig. 1.
While this point has several stable regions, they all
require w < −1/3 in order to have an accelerated ex-
pansion of the universe (again, as in GR), and are thus
unsuitable as a candidate for dark energy.
Point B
This point corresponds to a universe with a vanishing
energy density ρ→ 0 and a deceleration parameter given
by
q = −1 + 1
n
− 3
2n+ 1
, (40)
and depicted in Fig. 2. The stability of this point can be
found in Fig. 3. This point presents a viable candidate
for dark energy, as it can be arbitrarily close to GR while
still maintaining a negative deceleration parameter. In
particular, if a linear coupling f(R) ∼ R is considered,
the condition f ′0R0 = f0 found in Subsection II B 2 is
fulfilled and a de Sitter phase is attained, q = −1.
Furthermore, this fixed point also includes the possi-
bility of a “big rip” scenario, as |q| can be arbitrarily large
for the stable region n 1.
Finally, it should be noted that, although this fixed
point corresponds to a universe devoid of matter, y =
z = ρ = 0, it can nevertheless mimic the evolution of a
6TABLE I. Fixed points and corresponding solutions for an exponential f(R).
Point (x, y, z,Ω1,Ω2) (R/M2, ρ/κM2) a(t) ρ(t) q
A (0, 2,−1, 0, 0) (1, 0) eH0t ρ0e−3H0t −1
B (0.552, 1.605,−1.244, 0.327,−0.241) (0.394, 0.104)
(
t
t0
)2.533
ρ0
(
t
t0
)−7.598
−0.605
C (0.601, 1.266,−1.140, 0.558,−0.285) (0.216, 0.105)
(
t
t0
)1.363
ρ0
(
t
t0
)−4.089
−0.266
TABLE II. Fixed points and solutions for a power law f(R).
Point (x, y, z,Ω1,Ω2) a(t) q
A
(
3n(1 + w)
(
1 + n 6n(1+w)+3w+5
3w−1
)
, 1
2
(1− 3w), n [3(1 + w)n− 1+3w
2
]
+ 3w−1
2
,
1− n [3(1 + w)n+ 3w+5
2
]
,−3(1 + w)nn[6n(1+w)+3w+5]−2
3w−1
) ( t
t0
) 2
3(1+w) 1
2
(1 + 3w)
B (n 6= 1)
(
−1 + 3
2n+1
, 2− 1
n
+ 3
2n+1
, 1
n
− 6
2n+1
, 0, 0
) (
t
t0
)n(2n+1)
1−n −1 + 1
n
− 3
2n+1
B (n = 1) (0, 2,−1, 0, 0) eH0t −1
C (0, 2, 0,−(4 + 3w), 3(1 + w)) const.
D
(
6nw
1−2n − 4, n 4n+3w−2(n−1)(2n−1) , 0,− 4n+3w−2(n−1)(2n−1) , 3(1 + w)
)
const.
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-30
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FIG. 2. Deceleration parameter for point B as a function of
the exponent n.
matter-dominated universe as found in GR, i.e.,
q =
1 + 3w
2
→ n = −5 + 3w ±
√
73 + 78w + 9w2
12(1 + w)
. (41)
Point C
This solution is a saddle point with vanishing scalar
curvature R = 0, which also requires that n and w be
related by n = 2/(4 + 3w). As R = 0 and y = 2 imply
that H = 0, this leads to a static universe and undefined
deceleration parameter.
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1.0
n
w
FIG. 3. Stability regions of point B. The light grey corre-
sponds to a stable region and the remaining space corresponds
to a saddle point.
Point D
Similarly to the previous point, point D has R = 0 and
y 6= 0, implying a static universe and undefined deceler-
ation parameter. Its stability can be found in Fig. 3. It
is interesting that this point presents a stable region for
an as of yet unobserved evolution of the Universe, which
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w
FIG. 4. Stability regions of point D. The dark grey area
corresponds to an unstable region, while the light grey corre-
sponds to a stable one. The remaining space corresponds to
a saddle point.
could at first glance suggest that the current accelerated
expansion phase is not the final stage in our Universe’s
evolution.
VI. DISCUSSION AND OUTLOOK
In this work, the novel case of a model with Lagrangian
density f(R) (κR+ L) was presented, and an initial dy-
namical analysis was performed. While technically a
particular case of NMC theories, the particular coupling
presents several interesting solutions.
General conditions for the function f(R) where ob-
tained in order to allow for an accelerated expansion of
the Universe: while the weaker relation f ′0R0 = f0 is suf-
ficient if matter is absent, a non-vanishing energy density
requires the stronger conditions f ′0 = f0 = 0. Notwith-
standing the practical difficulty of realising a model ful-
filling the latter, the possibility of having a Universe
which might have a substantial matter content under-
going a de Sitter phase is alluring.
In order to further characterise the cosmology of the
model under scrutiny, a dynamical system approach was
first formulated and then applied to two natural candi-
dates for the function f(R): the ensuing results show
that both exponential and power-law forms for the latter
exhibit fixed points able to account for the current accel-
erated expansion of the Universe, as well as for inflation.
Even though such a dynamical system analysis proves
itself to be extremely useful in cosmology, one must be-
ware of several caveats inherent to its formulation: firstly,
the system, and therefore its solutions, is dependent on
the choice of variables, so one could omit interesting
regimes purely by choosing a specific set of variables in
favour of another. Secondly, the existence of any two
fixed points for a given theory does not imply that they
are connected by any type of trajectory, as noted in Ref.
[40], and one cannot straightforwardly assume that any
desirable attractor solution is in fact a global attractor,
i.e. all trajectories will drive the universe towards that
solution; as such, one may still be subject to a fine-
tuning problem, which can only be ascertained with a
further topological characterisation of the phase space of
the model or an independent, direct integration of the
equations of motion.
Appendix: Physical quantities
Here are listed a few relevant physical quantities in
terms of the used dimensionless variables (19). With the
adopted metric (9), the Ricci scalar reads
R = 6
(
2H2 + H˙
)
. (A.1)
One important parameter used in cosmology is the de-
celeration parameter
q ≡ − a¨a
a˙2
= 1− y, (A.2)
so that the scalar curvature may be written as
R = 6H2(1− q). (A.3)
After determining the fixed points of the dynamical sys-
tem for each particular choice of the function f(R,L),
we may straightforwardly determine the scale factor for
each fixed point. From a direct integration of Eq. (A.2)
(for a fixed y), one obtains the general solution
a(t) =

(
t
t0
) 1
2−y
, y 6= 2
eH0t, y = 2
. (A.4)
For the first case, the scale factor evolves as a power of
time, while in the second result the Hubble parameter
will be constant and this the scale factor will rise expo-
nentially, i.e a De Sitter phase. Note that this solution
was obtained resorting (indirectly) to the definition of
the Ricci scalar with the used metric.
Other important physical quantity is the energy den-
sity: one can determine its evolution for each fixed point
from the continuity Eq. (11). The general solution for
this is the familiar result
ρ(t) = ρ0a(t)
−3(1+w). (A.5)
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